Abstract. We show how to construct Atkin-Lehner quotients of Shimura curves which are counter-examples to the Hasse principle over the field of rational numbers. A particular example is the quotient of the Shimura curve attached to the indefinite rational quaternion algebra of discriminant 23 · 107 by the Atkin-Lehner involution ω 107 .
Introduction
Not much is known about the Hasse principle for smooth and projective curves over number fields when the genus is greater than one. Systematically constructing such curves is already a non-trivial task; it is not known whether the Manin obstruction to the Hasse principle suffices to explain all possible counter-examples to it. We refer the reader to [20] , p. 127-128, for a survey of a small number of available results and examples.
The case of Shimura curves is particularly well suited for computations as the theory of modular forms and modular curves is so amazingly powerful. In his celebrated paper [9] Barry Mazur determined all rational points on the modular curves X 0 (N) for prime levels N. His methods were applied to Shimura curves by Bruce Jordan [7] . In particular, he found a Shimura curve which is a counter-example to the Hasse principle over an imaginary quadratic field. This counter-example can be accounted for by the Manin obstruction, as was verified in [19] using the explicit equations of this curve found by A. Kurihara. Recently two of the present authors used descent for a certain natural unramified Galois covering of Shimura curves with level structure to produce a large family of counter-examples to the Hasse principle [22] , again over imaginary quadratic fields. Independently, Pete Clark in his thesis showed that when the level and the reduced discriminant are large such curves violate the Hasse principle for infinitely many imaginary quadratic fields ( [4] , Thm. 121).
To construct similar examples over the field of rational numbers one can no longer use the Shimura curves stricto sensu as they have no real points. In this note we construct a counter-example to the Hasse principle over Q on the quotient of a Shimura curve by an Atkin-Lehner involution without fixed points. We use a combination of descent, local results of Ogg for the primes of bad reduction, the Eichler-Selberg trace formula for the primes of good reduction, and a result of Jordan [7] . We do not know whether or not our counter-example is accounted for by the Manin obstruction. Note that CM-points can be used to construct a zero-cycle of degree one on our curve.
Atkin-Lehner quotients of Shimura curves
Let B D be a quaternion algebra over Q of reduced discriminant D, and let O D be a maximal order in B D . Let n : B D →Q be the reduced norm. The quaternion algebra 
2s . The elements of the Atkin-Lehner group act as involutions on the Shimura curve X D , and there is a natural inclusion W ⊆ Aut Q (X D ) (see, e.g. [13] ). The number of fixed points of ω m was found by Ogg ([11] , (4) p. 286).
For any m | D we write X (m) D = X D / ω m for the quotient of the Shimura curve X D by the Atkin-Lehner involution ω m . These curves can be given modular interpretation through their embedding into the Hilbert-Blumenthal surfaces or the Igusa threefold A 2 (cf. [14] , [15] ). They are also interesting in connection with the modular conjectures for abelian surfaces with quaternionic multiplication (cf. [3] ). For any order R in an imaginary quadratic field K let h(R) denote its class number, cond(R) its conductor, ω(R) the number of roots of unity in R, and u the number of primes p | D that are inert in K. Let σ(R) = 2 u h(R)/ω(R). For any positive integer n we define
where R runs through the set of orders in imaginary quadratic fields K such that R contains the roots of x 2 + sx + n , (cond(R), D) = 1, and no prime factor of D splits in K. Note that there may be no terms in this sum. We set Σ n (D) = 0 if n is not a positive integer. 
Note that it follows from Eichler's criterion that if a quadratic order R of K optimally embeds into O, then the ring of integers R K of K also has an optimal embedding into K.
If B D is indefinite, there is only one class of maximal orders in B D up to conjugation. Hence, a quadratic order R admits an optimal embedding into either none or all maximal orders of B D . However, this is no longer true when B D is definite: there may be several conjugacy classes of maximal orders, and R may admit an optimal embedding into some but not all of them. 
where δ(r) = 0 if r is odd, and δ(r) = 1 if r is even.
Proof. For any positive integer n let T n be the n-th Hecke operator acting on the vector space n ) is taken over the +1-eigenspace of T m in it.
As in [8] the Eichler-Shimura relations determine the Zeta-function ofX
From this it follows by an argument of Ihara (cf. [8] , Prop. 2.1) that for any r ≥ 1 we have
, where we set T (m) 
2.2.
Local points: bad reduction. We now review the results of Ogg [11] , [12] on the rational points on X The conditions in items (ii) and (iii) are listed in this order: solubility in R, solubility at bad primes not dividing m, solubility at bad primes dividing m, solubility at good primes.
Proof of the theorem. Let p be a prime factor of D/m. As it follows from Eichler's criterion, parts i) and ii) of Ogg's theorem in [12] , p. 206, state that X We now consider the primes p | m. Suppose first that m is prime. According to i) and iii) of Ogg's theorem, X D is always ramified, the method of descent which we use in the next section can not be applied to show that these curves have no points over Q.
The following corollaries are immediate consequences of the theorem. We include them here for their simplicity. 
The theory of complex multiplication on abelian varieties provides a natural procedure to construct CM-points on Shimura curves X D and their Atkin-Lehner quotients; these points are defined over certain class fields (cf. [17] , [6] , Ch. 3). This can be used to show that X 
